Applying the first law of thermodynamics to the apparent horizon of a FriedmannRobertson-Walker universe and assuming the geometric entropy given by a quarter of the apparent horizon area, we derive the Friedmann equations describing the dynamics of the universe with any spatial curvature. Using entropy formulae for the static spherically symmetric black hole horizons in Gauss-Bonnet gravity and in more general Lovelock gravity, where the entropy is not proportional to the horizon area, we are also able to obtain the Friedmann equations in each gravity theory. We also discuss some physical implications of our results.
Introduction
Quantum mechanics together with general relativity predicts that a black hole behaves like a black body, emitting thermal radiations, with a temperature proportional to its surface gravity at the black hole horizon and with an entropy proportional to its horizon area [1, 2] . The Hawking temperature and horizon entropy together with the black hole mass obey the first law of thermodynamics [3] . The formulae of black hole entropy and temperature have a certain universality in the sense that the horizon area and surface gravity are purely geometric quantities determined by the spacetime geometry, once Einstein equations determine the spacetime geometry.
Since the discovery of black hole thermodynamics in 1970's, physicists have been speculating that there should be some relation between black hole thermodynamics and Einstein equations. Otherwise, how does general relativity know that the horizon area of black hole is related to its entropy and the surface gravity to its temperature [4] ? Indeed, Jacobson [4] was able to derive Einstein equations from the proportionality of entropy to the horizon area together with the fundamental relation δQ = T dS, assuming the relation holds for all local Rindler causal horizons through each spacetime point. Here δQ and T are the energy flux and Unruh temperature seen by an accelerated observer just inside the horizon. On the other hand, Verlinde [5] found that for a radiation dominated Friedmann-Robertson-Walker (FRW) universe, the Friedmann equation can be rewritten in the same form as the Cardy-Verlinde formula, the latter being an entropy formula for a conformal field theory. Note that the radiation can be described by a conformal field theory. Therefore, the entropy formula describing the thermodynamics of radiation in the universe has the same form as that of the Friedmann equation, which describes the dynamics of spacetime. In particular, when the so-called Hubble entropy bound is saturated, these two equations coincide with each other (for more or less a complete list of references on this topic see, for example, [6] ). Therefore, Verlinde's observation further indicates some relation between thermodynamics and Einstein equations.
In a four dimensional de Sitter space with radius l, there is a cosmological event horizon. This horizon, like a black hole horizon, is associated with thermodynamic properties [7] : the Hawking temperature T and entropy S,
where A = 4πl 2 is the cosmological horizon area and G is the Newton constant. For an asymptotic de Sitter space such as a Schwarzschild-de Sitter space, there still exists the cosmological horizon, for which the area law of the entropy holds S = A/4G, where A denotes the cosmological horizon area, and whose Hawking temperature is given by T = κ/2π, where κ is the surface gravity of the cosmological horizon. Suppose that some matter with energy dE passes through the cosmological horizon, one then has
It is easy to verify that the cosmological horizon in the Schwarzschild-de Sitter space satisfies the relation (1.2) (see, for example, [8] ). Equation (1.2) is just the first law of thermodynamics for the cosmological horizon.
In the slow-roll inflationary model, the spacetime is a quasi-de Sitter one. If the inflation period is followed by a flat universe with radiation and dust matter, as in the standard big bang universe, the cosmological event horizon is absent in such a universe. However, an apparent horizon always exists, where the expansion vanishes. Frolov and Kofman [9] employed the approach proposed by Jacobson [4] to a quasi-de Sitter geometry of inflationary universe, where they calculated the energy flux of a background slow-roll scalar field (inflaton) through the quasi-de Sitter apparent horizon and used the relation (1.2). Although the topology of the local Rindler horizon in Ref. [4] is quite different from that of the quasi-de Sitter apparent horizon considered in Ref. [9] , it was found that this thermodynamic relation reproduces one of the Friedmann equations with the slow-roll scalar field. It is assumed in their derivation that
where H is a slowly varying Hubble parameter. More recently, following Refs. [4, 9] , Danielsson [10] has been able to obtain the Friedmann equations, by applying the relation δQ = T dS to a cosmological horizon to calculate the heat flow through the horizon in an expanding universe in an acceleration phase and assuming the same form for the temperature and entropy of the cosmological horizon as those in Eq. (1.3). Furthermore, Bousso [11] has recently considered thermodynamics in the Q-space (quintessence dominated spacetime). Because the equation of state of quintessence is in the range of −1 < ω < −1/3, the universe undergoes an accelerated expansion, and thus the cosmological event horizon exists in the Q-space. However, Bousso argued that a thermodynamic description of the horizon is approximately valid and thus it would not matter much whether one uses the apparent horizon or the event horizon. Indeed, for the Q-space, the apparent horizon radius R A differs from the event horizon radius R E only by a small quantity: R A /R E = 1 − ǫ, where ǫ = 3(ω + 1)/2. Using the relations
Bousso showed that the first law (1.1) of thermodynamics holds at the apparent horizon of the Q-space. While these authors [9, 10, 11] dealt with different aspects of the relation between the first law of thermodynamics and Friedmann equations, they considered only a flat FRW universe. There is a subtlety that the apparent horizon, the Hubble horizon and the cosmological event horizon cannot be distinguished clearly in some cases where one uses Eqs. (1.3), (1.4) or more general forms T = κ/2π and S = A/4G. Therefore, one cannot be sure whether the first law holds for one of the cosmological horizon, the Hubble horizon and the apparent horizon or for some of them or for all of them. Further, when the spatial curvature does not vanish, it would be an interesting issue to see whether one can still derive or not the Friedmann equations from the first law of thermodynamics and to check the relation between thermodynamics and Einstein equations in a more general context. In addition, it is well known that the area formula of black hole entropy holds only in Einstein theory, that is, when the action of gravity theory includes only a linear term of scalar curvature. Therefore, it is worthwhile to study whether, given a relation of entropy and horizon area, one can obtain the Friedmann equations in the corresponding gravity theory from the first law of thermodynamics. In this paper we are going to discuss these issues.
This paper is organized as follows. In Sec. 2, we shall review and clarify the discussions on the relation between thermodynamics and Einstein equations in Refs. [9, 10, 11] and extend the relation to the case of a FRW universe with any spatial curvature in arbitrary dimensions. Applying the first law of thermodynamics to the apparent horizon and assuming the proportionality of entropy and horizon area, we shall successfully derive the Friedmann equations for the universe. In Sec. 3, we shall obtain the Friedmann equations in Gauss-Bonnet gravity by employing the entropy formula for static spherically symmetric Gauss-Bonnet black holes. In Sec. 4, we shall discuss a more general case within the Lovelock gravity. Finally, in Sec. 5, we shall discuss physical implications of the relation.
Friedmann equations in Einstein gravity
Let us start with an (n + 1)-dimensional FRW universe with the metric
where dΩ 2 n−1 denotes the line element of an (n−1)-dimensional unit sphere and the spatial curvature constant k = +1, 0 and −1 correspond to a closed, flat and open universe, respectively. The metric (2.1) can be rewritten as [12] 
wherer = a(t)r and x 0 = t, x 1 = r and the 2-dimensional metric h ab = diag(−1, a 2 /(1 − kr 2 )). The dynamical apparent horizon, a marginally trapped surface with vanishing expansion, is determined by the relation h ab ∂ ar ∂ br = 0. A simple calculation yields the radius of the apparent horizonr
where H denotes the Hubble parameter, H ≡ȧ/a. Here and hereafter the dots will represent derivatives with respect to the cosmic time t in the metric (2.1). It can be seen from (2.3) that when k = 0, namely, for a flat universe, the radiusr A of the apparent horizon has the same value as the radiusr H of the Hubble horizon, which is defined as the inverse of the Hubble parameter, that is,r H = 1/H. On the other hand, the cosmological event horizon defined byr
exists only for an accelerated expanding universe. As a consequence, for a pure de Sitter universe with k = 0, the apparent horizon, the Hubble horizon and the cosmological event horizon have the same constant value 1/H. Note that though the cosmological event horizon does not always exist for all FRW universes, the apparent horizon and the Hubble horizon always do exist. For a dynamical spacetime, the apparent horizon has been argued to be a causal horizon and is associated with the gravitational entropy and surface gravity [13, 12] . Thus, for our purpose, it would be convenient to employ the apparent horizon and to apply the first law to the apparent horizon. Following Refs. [12, 13] , we define the work density by 5) and the energy-supply vector by
where T ab is the projection of the (n + 1)-dimensional energy-momentum tensor T µν of a perfect fluid matter in the FRW universe in the normal direction of the (n − 1)-sphere.
The work density at the apparent horizon should be regarded as the work done by a change of the apparent horizon, while the energy-supply at the horizon is the total energy flow through the apparent horizon. Then it is shown that one has [13, 12] 
where A = nΩ nr n−1 and V = Ω nr n are the area and volume of an n-dimensional space with radiusr, Ω n = π n/2 /Γ(n/2 + 1) being the volume of an n-dimensional unit ball, and that the total energy inside the space with radiusr is defined by
The equation (2.7) is dubbed the unified first law [13] . According to thermodynamics, the entropy is associated with heat flow as δQ = T dS, and the heat flow is related to the change of energy of the given system. As a consequence, the entropy is finally associated with the energy-supply term. The latter can be rewritten as
where κ is the surface gravity defined as
On the apparent horizon the last term in Eq. (2.9) vanishes, and one can then assign an entropy S = A/4G to the apparent horizon. Next, we turn to calculating the heat flow δQ through the apparent horizon during an infinitesimal time interval dt. Heat is one of forms of energy. Therefore, the heat flow δQ through the apparent horizon is just the amount of energy crossing it during that time internal dt. That is, δQ = −dE is the change of the energy inside the apparent horizon. Suppose that the energy-momentum tensor T µν of the matter in the universe has the form of a perfect fluid: T µν = (ρ + p)U µ U ν + pg µν , where ρ and p are the energy density and pressure, respectively. We then find the energy-supply vector
During the time internal dt, we obtain the amount of energy crossing the apparent horizon: 12) where A = nΩ nr n−1 A is the area of the apparent horizon. Assuming that the apparent horizon has an associated entropy S and temperature T 13) and then using the first law of thermodynamics, −dE = T dS, we finally obtaiṅ
Equation (2.14) is nothing but one of Friedmann equations describing an (n+1)-dimensional FRW universe with the spatial curvature k. Note that in the procedure to get Eq. (2.14), we have usedṙ
Once the continuity (conservation) equation of the perfect fluid is given,
we can substitute H(ρ + p) into (2.14), integrate the resulting equation, and finally obtain
This is just another Friedmann equation, the time-time component of Einstein equations. Note that in getting the Friedmann equation (2.17), an integration constant has been dropped out. In fact, this integration constant can be regarded as a cosmological constant, which can be incorporated into the energy density ρ as a special component. We thus have obtained the Friedmann equations (2.14) and (2.17) for the FRW universe by applying the first law of thermodynamics to the apparent horizon. A passing remark is that the above procedure to obtain the Friedmann equations from the first law of thermodynamics can still be applied to the inflationary model with a homogenous scalar field (inflaton), φ(t). The homogenous scalar field obeys the field equation
Substituting the energy density and pressure 19) into Eq. (2.14) and integrating it, we can find the Friedmann equation for the inflationary model
Careful scrutiny of the above procedure reveals that correct derivation of the Friedmann equations heavily depends on the assumption given in Eq. (2.13): the entropy is given by a quarter of the apparent horizon area and the temperature is inversely proportional to the apparent horizon radiusr A . The proportionality of entropy and the horizon area can be argued by the area formula of black hole entropy and the so-called unified first law (2.9). The assumption on the temperature may be justified as follows. A direct calculation of the surface gravity (2.10) at the apparent horizon gives
For the dynamic apparent horizon, one can see that, in determining the surface gravity, one has to know not only the apparent horizon radius and the Hubble parameter, but also the time-dependence of the horizon radius. Note that for a static or stationary black hole, the surface gravity on the black hole horizon is a constant (the zeroth law of black hole thermodynamics [3] ). When the black hole mass changes by an infinitesimally small amount, the horizon radius and thereby the Hawking temperature and entropy will accordingly have a small change. However, the differential form, dM = T dS, of the first law of black hole thermodynamics tells us that one needs not to consider the corresponding change of temperature in this procedure of applying the first law of thermodynamics. Therefore, when one applies the first law to the apparent horizon to calculate the surface gravity and thereby the temperature and considers an infinitesimal amount of energy crossing the apparent horizon, the apparent horizon radiusr A should be regarded to have a fixed value. In this sense, we have κ ≈ −1/r A , and thus recover the relation T ≡ |κ|/(2π) = 1/(2πr A ) between the temperature and surface gravity at the apparent horizon. In this way we justify the assumption of the temperature in Eq. (2.13). In other words, the first law of thermodynamics may hold only approximately for the dynamical apparent horizon. This point is worth further studying.
In conclusion, employing the assumption (2.13) and the first law (1.2) of thermodynamics to the dynamic apparent horizon, we are able to obtain the Friedmann equations for an (n + 1)-dimensional FRW universe with any spatial curvature.
Friedmann equations in Gauss-Bonnet gravity
In the previous section we have assumed that the apparent horizon has an entropy proportional to its horizon area. This assumption originated from the black hole thermody-namics: the entropy of black hole horizon obeys the so-called area formula [14] . It is well known that the area formula of black hole entropy no longer holds in higher derivative gravity theories. So it would be interesting to see whether, once given a relation between the entropy and horizon area, one can obtain or not the correct Friedamnn equations for a gravity theory by the approach developed in the previous section. In this section, we shall consider a special higher derivative gravity theory−Gauss-Bonnet gravity.
The action of the Gauss-Bonnet gravity can be written down as
where α is a constant with the dimension [length]
called the Gauss-Bonnet term and S m denotes the action of matter. The Gauss-Bonnet term naturally appears in the low energy effective action of heterotic string theory. The Gauss-Bonnet term is a topological term in four dimensions, and thus does not have any dynamic effect in those dimensions. The expansion of Gauss-Bonnet gravity around a flat spacetime is ghost free. The Gauss-Bonnet gravity (3.1) is special in the sense that although the action includes higher derivative curvature terms, there are no more than second-order derivative terms of metrics in equations of motion. Varying the action, one has the equations of motion
In the vacuum Gauss-Bonnet gravity with/without a cosmological constant, static black hole solutions have been found and the associated thermodynamics has been discussed (for example, see [15] ). A static, spherically symmetric black hole solution has the metric
with e λ(r) = e −ν(r) = 1 + r 2 2α 1 − 1 + 64πGαM n(n − 1)Ω n r n , whereα = (n − 2)(n − 3)α and M is the mass of black hole. The entropy of the black hole has the following form [15] 
3)
where A = nΩ n r n−1 + is the horizon area and r + represents the horizon radius. Now we apply the entropy formula (3.3) to the apparent horizon, assuming that the apparent horizon has the same expression for the entropy as Eq. (3.3) but replacing the black hole horizon radius r + by the apparent horizon radiusr A . That is, the apparent horizon is supposed to have the entropy
with A = nΩ nr n−1 A being the apparent horizon area. We further assume that the apparent horizon still has the temperature T = 1/(2πr A ). This is true since the Hawking temperature is determined by geometry itself and has nothing to do with gravity theory explicitly. It means that once the geometry is given, the surface gravity and then the Hawking temperature can be determined immediately. Calculating the amount of energy crossing the apparent horizon, which is still given by Eq. (2.12), and applying the first law, −dE = T dS, we are led to
Furthermore, substituting the continuity equation (2.16) into Eq. (3.5) and integrating the equation, we finally obtain
These equations (3.5) and (3.6) are nothing but the Friedmann equations for a FRW universe in the Gauss-Bonnet gravity given in Ref. [16] , where holographic entropy bounds have been studied. Thus, given the relation (3.4) between the entropy and the horizon area in the GaussBonnet gravity theory, we have indeed been able to derive the Friedmann equations (3.5) and (3.6) for the Gauss-Bonnet gravity by applying the first law to the apparent horizon.
Friedmann equations in Lovelock gravity
In this section we extend the above discussion to a more general case, the so-called Lovelock gravity [17] , which is a generalization of the Gauss-Bonnet gravity. The Lagrangian of the Lovelock gravity consists of the dimensionally extended Euler densities
where c i is an arbitrary constant and L i is the Euler density of a (2i)-dimensional manifold
Here, the generalized delta function is totally antisymmetric in both sets of indices. L 0 is set to one, therefore the constant c 0 is just the cosmological constant. L 1 gives us the usual curvature scalar term. In order for the general relativity to be recovered in the low energy limit, the constant c 1 has to be positive. For simplicity, we can set c 1 = 1. L 2 is just the Gauss-Bonnet term discussed in the previous section. Although the Lagrangian of the Lovelock gravity contains higher order derivative curvature terms, there are no terms with more than second order derivatives of metric in equations of motion just as in the Gauss-Bonnet gravity. Therefore, in this sense, the Lovelock theory is not a higher derivative gravity theory. The Lagrangian (4.1) looks complicated. However, static spherically symmetric black hole solutions can be found in this theory in the sense that a metric function is determined by solving for a real root of a polynomial equation [18] . More recently, static, nonspherically symmetric black hole solutions have been also found in the Lovelock gravity [19] . The horizons of these black holes can be hypersurfaces with a positive, zero or negative constant scalar curvature. In particular, it has been shown that the entropy of black hole horizon has a simple expression in terms of the horizon radius [19] , while the expression for the metric function and causal structure of these black holes could be quite involved. For an (n + 1)-dimensional static, spherically symmetric black hole with metric [18, 19] ds
the metric function is given by f (r) = 1 − r 2 F (r), where F (r) is determined by solving for real roots of the following mth-order polynomial equation
Here, M is an integration constant, which is just the black hole mass, and the coefficientŝ c i are given byĉ
In terms of the horizon radius r + , the black hole entropy has the expression [19] 6) where A = nΩ n r n−1 + is the horizon area of the black hole. Note that the cosmological constant term c 0 does not enter the expression for the black hole entropy. This is reasonable since the black hole entropy is determined by the horizon geometry only [14] .
Once again, we assume that the apparent horizon of the FRW universe has an entropy of the form (4.6) with the black hole horizon radius r + replaced by the apparent horizon radiusr A . The temperature of the apparent horizon is still given by T = 1/(2πr A ) and the energy crossing the apparent horizon during the time interval dt is given by Eq. (2.12) . Thus, the first law, −dE = T dS, leads us to the equation
Using the continuity equation (2.16) and integrating Eq. (4.7), we finally obtain
Note that here the integration constant (cosmological constant) has been included in the energy density ρ. These two equations (4.7) and (4.8) are just the Friedmann equations for a FRW universe in the Lovelock gravity [20] . When m = 2, equations (4.7) and (4.8) reduce to those corresponding equations (3.5) and (3.6)] of the Gauss-Bonnet gravity. In other words, employing the entropy form (4.6) for a static, spherically symmetric black hole in the Lovelock gravity, we have obtained correctly the Friedmann equations for a FRW universe in the Lovelock gravity through the first law of thermodynamics at the apparent horizon.
Conclusion and discussion
Employing the first law of thermodynamics, −dE = T dS, to the apparent horizon of a FRW universe with any spatial curvature in arbitrary dimensions, we have derived the Friedmann equations for the universe. Here −dE denotes the amount of energy crossing the apparent horizon during an infinitesimal time interval and T = 1/(2πr A ) is the temperature of the apparent horizonr A . In this procedure to obtain the Friedmann equations, the entropy S is assumed to be a quarter of the apparent horizon area. Using the same form for the relation between entropy and horizon area as that of a static, spherical symmetric black hole in Gauss-Bonnet gravity and its generalization, Lovelock gravity, we have also successfully obtained the Friedmann equations in those gravity theories. These results are certainly related to the holographic properties of gravity. It would be of great interest to study further the implications of these observations to the holographic principle.
The first law of thermodynamics is certainly valid for the cosmological event horizon [7, 8] . It is not a priori clear whether it still holds for a dynamic apparent horizon. Our results in turn also indicate that the first law indeed holds at the apparent horizon. Although the cosmological event horizon does not always exist, an interesting question may arise: whether can we still derive the Friedmann equations by applying the first law of thermodynamics to the cosmological event horizon? Assuming that the event horizon has the temperature and entropy given by Eq. (1.3) , which are exactly correct for a de Sitter universe, and after a naive calculation, we have found that we can derive the Friedmann equations only for a FRW universe with k = 0, that is, for a flat universe. This can be understood sincer A = 1/H for k = 0 and the assumptions (1.3) and (1.4) thus become equivalent to each other when k = 0. The failure to obtain the Friedmann equations may due to the fact that the assumption (1.3) is not suitable for the cosmological event horizon. In other words, the thermodynamic relations in Eq. (1.3) may be not correct for the cosmological event horizon. The failure may also be due to another fact that the Friedmann equations describe local properties of spacetimes, while the cosmological event horizon is determined by global properties of spacetimes [see (2.4)]. That is, one cannot determine local properties at each point in a spacetime using global properties of the spacetime, of course, although the inverse is certainly true. We should point out that here the apparent horizon is determined locally. This may be just the reason behind the difference between the cosmological event horizon and the apparent horizon. This is a quite interesting issue worthy of a further study.
Given an entropy relation to the apparent horizon area, we have obtained the correct Friedmann equations for a FRW universe in the Gauss-Bonnet gravity and Lovelock gravity. However, we are not sure whether it is always true for any other gravity theory that, assuming a relation between entropy and its horizon area, the Friedmann equations can be obtained in that gravity theory, where the relation of entropy and area arises. For example, for the gravity theory of the form L = f (R), where f is a function of scalar curvature R, we know that the entropy of a static black hole is S = Af ′ (R)| r=r + /4G. Can one derive the Friedmann equations for the gravity theory? These issues are currently under investigation.
